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We study critical Casimir forces between planar walls and geometrically structured substrates within mean-
field theory. As substrate structures, crenellated surfaces consisting of periodic arrays of rectangular crenels
and merlons are considered. Within the widely used proximity force approximation, both the top surfaces
of the merlons and the bottom surfaces of the crenels contribute to the critical Casimir force. However, for
such systems the full, numerically determined critical Casimir forces deviate significantly from the pairwise
addition formalism underlying the proximity force approximation. A first-order correction to the proximity
force approximation is presented in terms of a step contribution arising from the critical Casimir interaction
between a planar substrate and the right-angled steps of the merlons consisting of their upper and lower edges
as well as their sidewalls.
I. INTRODUCTION
The thermodynamic analogue of the Casimir effect origi-
nating from the confinement of vacuum fluctuations [1, 2] is
the critical Casimir effect due to the presence of long-ranged
thermal fluctuations in a fluid close to its critical point at
T = Tc. The corresponding critical Casimir forces have been
predicted theoretically by Fisher and de Gennes in 1978 [3–
6]. Experimentally, critical Casimir forces have been stud-
ied only during the last decade when first measurements were
performed indirectly via monitoring the thickness of wetting
films upon approaching a critical end point [7–11]. Later on,
the critical Casimir force has been measured directly by using
colloidal particles suspended in a binary liquid mixture [12–
14].
Generically, the surfaces, which confine a binary liquid
mixture, preferentially attract one of its two components lead-
ing to either positive [(+)] or negative [(−)] values of the
scalar order parameter φ which describes the difference be-
tween the local concentration of one of the two components
and its critical value. This generic preference of the sur-
faces confining the liquid can be described by effective surface
fields. Upon approaching Tc, the critical adsorption profiles,
which describe the concentration enhancement near the sur-
face, become long ranged due to the concomitant divergence
of the bulk correlation length [3, 15, 16]. In semi-infinite sys-
tems, the transition from the phase in which only the region
near the single surface is ordered to the one in which also
the bulk is ordered is known as the extraordinary or normal
transition [17, 18]. For two surfaces opposing each other, de-
pending on the mutual combinations of boundary conditions
(BCs) critical Casimir forces are either attractive or repulsive.
Their range is set by the bulk correlation length ξ . Whereas in
fluids ξ is typically of molecular size, it attains values of the
order of micrometers upon approaching the critical point [12–
14]. Thus, critical fluctuations may induce effective interac-
tion potentials with a strength of several kBT at the nanometer
and micrometer scale. Moreover, critical Casimir forces are
universal in character: due to the divergence of the correlation
length molecular details of the confined binary liquid mixture
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FIG. 1. Sketch of the geometry under consideration. An upper, pla-
nar wall is located at a minimal surface-to-surface distance L from
a lower, parallel, crenellated wall which exhibits a periodic pattern
with period P consisting of rectangular crenels of width W and depth
D and merlons of width P−W and height D. The system is spa-
tially invariant in the y-direction. For later reference, the box at the
bottom summarizes the definitions of the various scaling variables
which the scaling function of the critical Casimir force depends on;
t is the reduced temperature t = (T −Tc)/Tc and ξ+0 is the nonuni-
versal amplitude of the bulk correlation length ξ+(t → 0) = ξ+0 t−ν
in the disordered phase, which defines the universal critical exponent
ν .
become irrelevant and only a few gross features of the sys-
tem determine the main characteristics of the critical Casimir
forces [4–6].
In view of nano- and micro-electromechanical devices,
nowadays various experimental techniques are available to
endow solid surfaces with precisely defined geometrical or
chemical structures (see, e.g., Refs. [19–23]). Critical
Casimir forces for chemically structured confinements have
been studied theoretically [24–31] as well as in experiments
with colloidal particles [32, 33]. It has been demonstrated that
such patterns induce lateral critical Casimir forces which can
be used to trap particles reversibly along the lateral direction
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2in a designated way [32, 33]. Moreover, a suitable combi-
nation of attractive and repulsive critical Casimir forces may
even lead to stable levitation [26, 27].
Here, we study critical Casimir forces for geometri-
cally structured confinements. The quantum-electrodynamic
Casimir effect in the presence of geometrically structured sur-
faces has been studied theoretically and experimentally for
various surface topographies [34–39]. Two opposing sur-
face gratings are subject to lateral quantum electrodynamic
Casimir forces [35, 40–48]. In this context, experimental
studies focus on spherical particles near crenellated surfaces,
i.e., forming grooves with rectangular cross-sections [49–52].
Typically, the radius of the spherical particles is much larger
than the period of the pattern of the crenellated surface such
that, effectively, in the region of closest approach the sys-
tem mimics the geometrical setup of a planar wall near a
parallel, crenellated surface. Critical adsorption and criti-
cal Casimir forces for geometrically structured confinements
have been studied for structures shaped as wedges and ridges
with triangular cross-section [53–56], as well as for truncated
wedges [57]. It was found that, for large distances between a
sawtooth-shaped wall and a planar wall, the critical Casimir
force effectively corresponds to the one between two planar
walls; on the other hand, for short distances between the two
surfaces, the tips of the ridges dominate the order parameter
profile and the characteristic power law behavior of the critical
Casimir force differs from that for planar surfaces [56].
The present study extends these previous investigations
[53–56] into various directions. We consider a crenellated
substrate close to a planar substrate at minimal surface-to-
surface distance L, as shown in Fig. 1. The details of the ge-
ometry as well as the finite-size scaling of the critical Casimir
phenomena are described in Section II. We calculate univer-
sal scaling functions for the critical Casimir forces and for
the order parameter profiles within mean-field theory and for
identical chemical BCs at both walls ((+,+) configuration).
In Section III we first study the universal features of the order
parameter profiles close to Tc for the geometry under consid-
eration. Second, in Section IV we study the critical Casimir
forces acting on such geometrically structured substrates. Fi-
nally, in Section V we summarize our main findings.
II. FINITE-SIZE SCALING AND MEAN-FIELD THEORY
According to the theory of finite-size scaling, the singular
contribution to the critical Casimir force is described by a uni-
versal scaling function, which is independent of the molec-
ular details of the binary liquid mixture and depends only
on the bulk universality class of the associated critical point
[4, 5, 58, 59]. Here, we focus on the Ising universality class
characterized by a scalar order parameter φ , which encom-
passes the experimentally relevant binary liquid mixtures and
simple fluids. Upon approaching the critical point of the fluid,
the bulk correlation length diverges as ξ±(t → 0) = ξ±0 |t|−ν ,
where ν ' 0.63 in spatial dimension d = 3 and ν = 1/2 in
spatial dimension d = 4 [60]; ξ±0 are nonuniversal amplitudes
characterized by the universal ratio ξ+0 /ξ
−
0 ' 1.9 in d = 3
and ξ+0 /ξ
−
0 =
√
2 in d = 4. The sign of the reduced temper-
ature t =±(T −Tc)/Tc is chosen such that t > 0 corresponds
to the mixed (disordered) phase of the fluid, whereas t < 0
corresponds to the ordered phase, corresponding to sponta-
neous phase separation. For an upper critical point the ho-
mogeneous phase is found at high temperatures, and one has
t = (T −Tc)/Tc. However, many experimentally relevant bi-
nary liquid mixtures exhibit a lower critical point; in this case
t =−(T −Tc)/Tc.
In general, the sign and the amplitude of the critical Casimir
force depend on the types of effective chemical BCs at the
walls and on the geometry of the confining surfaces. Here
we focus on the case of equal, symmetry-breaking (+) BCs,
which corresponds to the generic case of preferential adsorp-
tion of one of the two species of a binary liquid mixture.
This leads to an attractive critical Casimir force [61]. In-
spired by experiments encompassing binary liquid mixtures
of water and lutidine (with a lower critical point at Tc ' 34°C)
[12, 13, 32, 33], here a binary liquid mixture with a lower
critical point is considered at fixed pressure and at its critical
composition.
A. Planar walls
First, we briefly review the film geometry. In this case the
liquid is confined between two parallel, macroscopically ex-
tended walls at a distance l. According to renormalization
group theory the critical Casimir force f‖ per area of one wall,
which is acting on the parallel walls (‖), scales as [62–64]
f‖(l,T ) = kBT
1
ld
k‖(t(l/ξ+0 )
1/ν). (1)
The scaling function k‖ depends only on a single scaling vari-
able given by the film thickness l in units of ξ±, raised to
the power 1/ν . For equal chemical BCs, as discussed here,
k‖ is negative, so that the critical Casimir force is attractive.
For T → Tc the scaling function of the critical Casimir force
reduces to a universal constant value, the so-called critical
Casimir amplitude [4, 5]:
k‖(0) = ∆(+,+). (2)
Accordingly, at Tc the critical Casimir force decays alge-
braicly ∝ kBTc∆(+,+)/ld . Away from criticality, the critical
Casimir force decays exponentially as a function of l/ξ±. The
scaling function k‖ has been calculated exactly in d = 2 [65],
for d ≤ 4 using a perturbative field-theoretical method [61] or
a local-functional method [66], and in d = 3 numerically via
Monte Carlo simulations [67–71].
B. Crenellated walls
In the following we consider a crenellated wall located at
a minimal surface-to-surface distance L from a planar wall
as sketched in Fig. 1. The width and depth of the crenels
are given by W and D, respectively, and the structure is pe-
riodic along the lateral x-direction with period P, so that the
width of the merlons, i.e., the surface-to-surface separation
between two neighboring crenels, is given by P−W . Accord-
ingly, the corresponding universal contribution to the critical
3Casimir force f per area of the planar wall scales as
f (L,D,W,P,T ) = kBT
1
Ld
k(τ,δ ,ω,λ ), (3)
where the geometrical parameters form the following scaling
variables:
τ ≡ t
(
L
ξ+0
)1/ν
, δ ≡ D
L
, ω ≡ W
L
, λ ≡ W
P
∈ (0,1).
(4)
The critical Casimir force between a crenellated and a pla-
nar wall attains the value of the corresponding force between
two planar walls in various limits. For very shallow crenels,
i.e., in the limit D L or δ → 0, the following relation holds:
k(τ,δ ,λ ,ω) δ→0−−−→ k‖(τ). (5)
As will be discussed in more detail below, we find that for nar-
row crenels with ω =W/L→ 0, the order parameter profile
attains the form of the planar wall geometry, independent of
the value of δ :
k(τ,δ ,λ ,ω) ω→0−−−→ k‖(τ). (6)
Similarly, for λ → 0, one has
k(τ,δ ,λ ,ω) λ→0−−−→ k‖(τ). (7)
For very broad crenels compared with the film thickness,
i.e., ω → ∞, the limiting behavior of the scaling function of
the critical Casimir force is given by the average of the scal-
ing functions for two planar walls at distances L and L+D,
respectively. This corresponds to the so-called proximity
force approximation (PFA), which we discuss in the follow-
ing. Within the PFA the surfaces are subdivided into infinitely
small elements parallel to each other, and the resulting force
is obtained by pairwise adding the individual contributions to
the force. The Derjaguin approximation is a special case of
the PFA for smoothly curved surfaces. Detailed comparisons
of the Derjaguin approximation with experimental and theo-
retical results revealed a good agreement for a large range of
parameters [12, 13, 33]. For the present geometry the result-
ing critical Casimir force f PFA per area [Eq. (3)] acts along the
z-direction and is the sum of two contributions: (i) the force
between the fraction (1−λ ) of the upper flat wall and the top
surfaces of the merlons separated by the distance L, and (ii)
the force between the fraction λ of the upper flat wall and the
bottom surfaces of the crenels separated by the distance L+D:
f PFA(L,D,W,P,T ) = (1−λ ) f‖(L,T )+λ f‖(L+D,T ). (8)
Accordingly, the scaling function of the critical Casimir force
within the PFA is given by
kPFA(τ,δ ,λ ) = (1−λ )k‖(τ)+
λ
(1+δ )d
k‖(τ(1+δ )1/ν).
(9)
The scaling function kPFA is independent of ω because within
PFA the effective interactions between the steps and the up-
per wall are ignored. That is, as long the values of λ and δ
are fixed, steps may be arbitrarily added to or removed from
(a)
(b)
FIG. 2. Sketch concerning the the limiting behavior of the scaling
function k (Eq. (10)) for ω =W/L 1 at fixed values of λ =W/P
and δ =D/L. (a) The surfaces of the lower, geometrically structured
substrate which are parallel to the film (indicated by a green line) give
rise to the PFA contribution kPFA to the universal scaling function k
of the critical Casimir force. In the limit ω→∞, the steps consisting
of the upper and lower edges as well as the sidewalls (indicated by
the red lines and dots) generate the step contribution A(τ,δ ,λ )/ω to
the critical Casimir force (see Eq. (10)). For fixed 0 < λ < 1, the
step-step interaction vanishes and A becomes independent of λ . (b)
For δ  1 the step contribution A/ω to the critical Casimir force ef-
fectively corresponds to the contribution of two right-angled corners
opposite to a planar substrate and attains a limiting value independent
of δ .
the structured substrate (e.g., via a transformation W 7→ αW
and P 7→ αP, where α > 0) without changing the force within
PFA, independent of the value of ω . Analogous to the case of
chemically striped surfaces, discussed in detail in Refs. [28–
30], every isolated geometrical step gives rise to a contribu-
tion to the scaling function of the critical Casimir force per
area which is proportional to ω−1 = L/W . The asymptotic
behavior for ω → ∞ of the universal scaling function for the
critical Casimir force between a planar wall and a crenellated
surface is therefore given by
k(τ,δ ,0 < λ < 1,ω → ∞) = kPFA(τ,δ ,λ )+ A(τ,δ ,λ )
ω
,
(10)
where we define A(τ,δ ,λ ) as the universal contribution of a
pair of geometrical steps as sketched in Fig. 2(a). For a fixed
value 0 < λ < 1, in Eq. (10) A actually does not depend on
λ because in the limit ω → ∞ the distance L between the
steps and the upper wall is much smaller than the step-step
distances W and P−W , respectively, so that step-step inter-
actions are negligible in this limit. In the following we there-
fore define A(τ,δ ) ≡ A(τ,δ ,0 < λ < 1) and consider this as
the generic case. For very deep crenels A(τ,δ → ∞) attains
a τ-dependent value which corresponds to the contribution to
the critical Casimir force between a pair of top corners of the
right-angled edges of the merlons opposite to a planar wall
(see the sketch in Fig. 2(b)).
4C. Mean-field theory
The standard Landau-Ginzburg-Wilson fixed-point effec-
tive Hamiltonian describing critical phenomena of the Ising
bulk universality class is given by [15, 16, 72]
H [φ ] =
∫
V
ddr
{
1
2
(∇φ)2+
τˆ
2
φ 2+
u
4!
φ 4−hφ
}
, (11)
where φ(r) is proportional to the order parameter describing
the fluid, which completely fills the accessible volume V in
d-dimensional space. The statistical weight of a configura-
tion φ(r) is proportional to exp(−H ). The parameter τˆ in
Eq. (11) is proportional to t, and u > 0 is a coupling constant.
The last term in Eq. (11) vanishes for the case considered
here (i.e., h = 0), which corresponds to the situation that the
concentrations of the species forming the binary liquid mix-
ture are fixed to their critical values. In a finite-size system
the bulk Hamiltonian H [φ ] is supplemented by appropriate
surface and curvature (edge) contributions [15, 16, 72, 73].
This surface contribution, which adds to Eq. (11), is given by
[15, 16, 72, 73]
Hs[φ ] =
∫
∂V
d(d−1)r
{ c
2
φ 2−h1φ
}
, (12)
where c is the so-called surface enhancement and h1 is a sur-
face field; ∂V is the surface of the volume V . In the strong
adsorption limit [18, 74], as discussed in the present study,
these contributions generate boundary conditions for the or-
der parameter such that φ
∣∣
surface = ∞ corresponding to (+)
BCs. Thus, the use of Eq. (12) together with additional sur-
face contributions can be replaced by applying the appropri-
ate BC to φ and by using Eq. (11) throughout the bulk. The
mean-field order parameter profile minimizes the Hamilto-
nian, i.e., δH [φ ]/δφ |φ=〈φ〉 = 0. In the bulk, the mean-field
order parameter is spatially constant and attains the values
〈φ〉b =±B|t|β for t < 0 and 〈φ〉= 0 for t > 0, where, besides
ξ+0 , B is the only additional independent nonuniversal ampli-
tude appearing in the description of bulk critical phenomena;
β (d = 4) = 1/2 is a standard critical exponent. Within mean-
field theory (MFT) the following relations hold: τˆ = t(ξ+0 )
−2
and u = 6B−2(ξ+0 )
−2.
For the film geometry, the MFT scaling function for the crit-
ical Casimir force can be determined analytically [61]. One
finds [see Eq. (2)] for the case of the same strong adsorp-
tion at both surfaces the critical Casimir amplitude ∆(+,+) =
24[K(1/
√
2)]4/u ' −283.61× u−1, where K is the complete
elliptic integral of the first kind [61]. Renormalization group
arguments tell that MFT provides the correct universal prop-
erties of critical phenomena for spatial dimensions above the
upper critical dimension, i.e., d ≥ duc = 4, up to logarith-
mic corrections in d = duc [75]. Moreover, MFT provides
the lowest-order contribution to universal quantities within an
expansion in terms of ε = 4−d.
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FIG. 3. Rescaled MFT order parameter profile m(r)× L (see Eqs.
(16) and (17)) at T = Tc (i.e., τ = 0) for various values of δ = D/L
and ω = W/L with λ = 1/2 fixed (see Fig. 1): (a) δ = ω = 1
(deep crenels and widely spaced merlons), (b) δ = 0.2, ω = 1 (shal-
low crenels and widely spaced merlons), and (c) and δ = ω = 1/3
(shallow crenels and closely spaced merlons). The local values of
m(r)×L are indicated by the color code given by the side bars. Large
values of m×L 1 indicate strong adsorption of the fluid close to
the surfaces. From the shape of the contour lines for m×L = 6 near
the structured wall (lower white lines) the dependence of the critical
adsorption profile on the scaling variables δ and ω is clearly visible.
Whereas for widely spaced merlons with ω = 1 the adsorption pro-
file follows the shape of the crenelated surface, for closely spaced
merlons with ω = 1/3 the crenels are filled with the adsorbed fluid
and for increasing normal distances z > 0 the order parameter pro-
file rapidly adopts an effective planar wall behavior corresponding to
rather straight contour lines.
5III. ORDER PARAMETER PROFILES
The order parameter φ exhibits the following scaling prop-
erties (see Subsec. 2.5 in Ref. [28]):
φ(t,x,z,L;D,W,P) = B|t|βQ±
(
x
ξ± ,
z
ξ± ,
L
ξ± ;δ ,ω,λ
)
(13)
or equivalently
φ(t,x,z,L;D,W,P) = B
(
L
ξ+0
)−β/ν
R±
( x
L ,
z
L ,τ;δ ,ω,λ
)
(14)
with universal scaling functions Q± and R±. The bulk order
parameter varies as φb = B|t|β . This implies(
L
ξ+0
)β/ν 1
B
φ(r) = R±
( x
L ,
z
L ,τ;δ ,ω,λ
)
. (15)
Within MFT one has β = ν = 1/2 so that with the definition
m(r)≡ (Bξ+0 )−1〈φ(r)〉 (16)
Eq. (15) renders the following MFT approximation for the
scaling function R:
m(r)×L = RMFT ( xL , zL ,τ;δ ,ω,λ) . (17)
In the following we present these MFT results which we
have obtained by minimizing numericallyH [φ ] using a finite
element method in order to obtain the (spatially inhomoge-
neous) profile m(r) for the geometries under consideration.
Here, we focus on the case of strong adsorption and the same
chemical BCs at the two surfaces. For distances from the sur-
face of a substrate which are small compared to ξ±, or for
T → Tc, the order parameter varies algebraicly. In order to
obtain a BC for the numerical calculations we use a short dis-
tance expansion (see, e.g., Ref. [56] and reference therein)
with m = ∞ at the surfaces of the two walls shown in Fig. 1.
In Fig. 3 the order parameter profile of a fluid confined be-
tween a planar and a crenellated wall at the bulk critical point
T = Tc is shown for λ =W/P = 0.5; m(r) depends on x and
z and is invariant along the y-direction. From Fig. 3 we can
infer that for ω = W/L = 1 the order parameter profile fol-
lows the shape of the crenellated surface [Figs. 3 (a) and (b)],
whereas for ω = 1/3 the space between the merlons corre-
sponds to high values of the order parameter, i.e., the crenels
are “filled” with the adsorbed fluid [Fig. 3 (c)] until an almost
straight contour line has formed separating the fluid with high
order parameter, which fills the crenels, from the fluid with
lower order parameter in the middle of the slit. Hence for nar-
row crenels, for increasing z > 0 the order parameter profiles
rapidly approach the ones of a corresponding film of thickness
L.
IV. SCALING FUNCTION OF THE CRITICAL CASIMIR
FORCE
The critical Casimir forces are calculated directly from the
numerically obtained mean-field order parameter profiles us-
ing the stress tensor [61, 76]. As in Sec. III, here throughout
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FIG. 4. Normalized scaling function k(τ,δ ,ω,λ )/|∆(+,+)| of the
critical Casimir force as a function of τ = t(L/ξ+0 )
1/ν for a fixed ra-
tio λ =W/P= 0.5 and various values of δ =D/L and ω =W/L. In
addition to the numerically obtained full MFT scaling functions (full
curves), the corresponding scaling functions kPFA obtained within
the PFA [Eq. (9)] (dashed curves) and the scaling function for two
planar walls (PW) at distance L (dashed-dotted curves) are shown.
For δ = ω = 1, in (a) the MFT scaling function does neither agree
with the one obtained within PFA nor with the one for the PW case,
but lies roughly in between these two curves. However, for shallow
crenels and widely spaced merlons with δ = 0.2 and ω = 1, in (b) the
PFA is closer to the full MFT scaling function. For shallow crenels
and closely spaced merlons with δ = ω = 1/3, in (c) the full MFT
scaling function is similar to the one for two planar walls (PW). Fig-
ures 3 and 4 allow a direct comparison between the order parameter
distribution and the critical Casimir force at Tc, i.e., for τ = 0. Here
the scaling function k is normalized with |∆(+,+)| so that the ratio
does not depend on the coupling constant u, which within MFT is
undetermined.
we focus on the case λ =W/P= 0.5. We estimate the numer-
ical error of the present method to be less than 1%.
In Fig. 4 the scaling function k(τ,δ ,ω,λ ) of the critical
Casimir force is shown as a function of τ = t(L/ξ+0 )
1/ν for
various values of δ = D/L and ω = W/L. In addition to
the numerically obtained full MFT scaling functions (solid
curves), the corresponding scaling functions kPFA(τ,δ ,ω,λ )
obtained within the PFA [Eq. (9)] (dashed curves), and the
6scaling function k‖(τ) for two planar walls (PW) at distance L
(dashed-dotted curves) are shown. For δ =ω = 1, in Fig. 4(a)
the MFT scaling function does neither agree with the one ob-
tained within the PFA nor with the one for the PW case, but
lies roughly in between these two curves. The correspond-
ing MFT order parameter profile at Tc is shown in Fig. 3(a).
For δ = 0.2 and ω = 1, in Fig. 4(b) the scaling function ob-
tained within the PFA is closer to the full MFT scaling func-
tion which corresponds to the critical MFT order parameter
profile shown in Fig. 3(b). For these shallow crenels and
widely spaced merlons the relative contribution from the the
right-angled steps of the merlons to the total critical Casimir
force is smaller than for the case shown in Fig. 4(a). For shal-
low crenels and closely spaced merlons with δ = ω = 1/3,
in Fig. 4(c) the MFT scaling function is similar to the one for
two planar walls (PW). This corresponds to the case in which
the crenels are filled by a fluid with a high value of the order
parameter (see Fig. 3(a) for T = Tc).
As can be inferred from Fig. 4, in general the PFA deviates
from the full MFT results because critical phenomena do not
allow for linear superposition. In order to study the deviations
of the results for the force from the corresponding ones fol-
lowing from the assumption of pairwise additivity, we study
the ratio k/kPFA of the scaling function k obtained within full
MFT and the one (kPFA) obtained within PFA. From Eqs. (6)
and (9) we find for τ = 0, i.e., T = Tc:
k(τ = 0,δ ,λ ,ω)
kPFA(τ = 0,δ ,λ )
ω→0−−−→ 1
1−λ +λ (1+δ )−d . (18)
Figure 5 shows the ratio k/kPFA as function of δ and ω for
fixed values τ = 0 and λ = 0.5 (Eq. (18)). The ratio k/kPFA
varies between 1 and (1−λ )−1 = 2 which corresponds to de-
viations of the actual force from the one calculated within PFA
between 0% and 100%, respectively. In Fig. 5(a) k/kPFA is
shown as a function of ω for various values of δ . This graph
tells that the limiting behavior for ω → ∞ given in Eq. (10)
already holds for ω & 2. The amplitude function A(τ = 0,δ )
[Eq. (10)] has been determined via a least square fit to the
numerical data. As expected on physical grounds, for very
shallow crenels the critical Casimir force can be approximated
by the corresponding PFA expression and hence k/kPFA → 1
for δ → 0. In Fig. 5(b) we show k/kPFA as a function of δ
for various values of ω . For deep crenels with δ & 2 this ra-
tio reaches a plateau, i.e., for δ  1 the strength of the critical
Casimir force is not affected by the depth of the crenels so that
for ω→∞ PFA becomes valid. For ω→ 0 the critical Casimir
force approaches its value for an effective film geometry with
the two parallel walls (dashed line, “PW”) at distance L (see
Eq. (18) for λ = 0.5 and d = 4). This means that for closely
spaced merlons the critical Casimir force reduces to that be-
tween two parallel flat surfaces at separation L.
As can be inferred from Eq. (10) and Fig. 5(a) for large
values of ω the critical Casimir force acting between a flat
and a crenellated wall can be described reliably by the sum
of the PFA-contribution and a contribution A(τ,δ )/ω . The
latter contribution stems from effects due to the presence of
geometrical steps (see Fig. 2). In Fig. 6(a) we show A(τ,δ )
as a function of δ as obtained numerically within full MFT
via least square fits to the data for τ = 0. As expected, for
δ → 0, i.e., D/L→ 0, A(τ,δ ) vanishes for the case of chem-
ically homogeneous boundary conditions as considered here.
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FIG. 5. Ratio k/kPFA of the scaling function k of the critical Casimir
force obtained within full MFT and the one (kPFA) obtained within
PFA, for τ = 0 (i.e., T = Tc) and λ = 0.5 (Eq. (18)). The ratio varies
between 1 and (1−λ )−1 = 2 corresponding to deviations of the ac-
tual force from the force calculated within PFA between 0% and
100%, respectively. In (a) k/kPFA is shown as a function of ω =W/L
for several values of δ = D/L. For widely spaced merlons (ω  1),
according to Eq. (10) the ratio k/kPFA approaches 1. The correspond-
ing decay ∝ A(τ = 0,δ )/ω is shown as dashed lines. For very shal-
low crenels (δ → 0), the ratio k/kPFA approaches 1, so that PFA is
valid. In (b) k/kPFA is shown as a function of δ = D/L for various
values of ω . We find that, for deep crenels (δ  1), k/kPFA attains
a plateau. For large values of ω this corresponds to the limiting be-
havior given in Eq. (10); ultimately, for ω → ∞ PFA is valid. On the
other hand for closely spaced merlons (ω → 0) the critical Casimir
force approaches its value for an effective film geometry with the two
parallel walls at distance L. In this limit the ratio k/kPFA is given by
Eq. (18) with λ = 0.5 and d = 4 (dashed line, “PW”).
(For chemically inhomogeneous boundary conditions in lat-
eral direction a line contribution arises due to the presence
of a chemical step even for a planar substrate [28–30].) For
δ  1, i.e., deep crenels, A(τ,δ ) attains negative values and
depends on τ only. A/ω corresponds to the contribution to the
critical Casimir force of two infinitely extended right-angled
corners opposite to a planar substrate (see Fig. 2(b)). We find
that this plateau value is reached for δ & 5. In this limit the
lower parts of the crenels including the right-angled wedges
at the bottom do not contribute to the critical Casimir force.
Figure 6(b) shows the amplitude A(τ,δ ) of the step contri-
bution as a function of τ for deep crenels with δ = 5, normal-
ized by the absolute value |∆(+,+)| of the critical Casimir am-
plitude. For the chosen value δ = 5 we find that kPFA(τ,δ 
1,λ )' (1−λ )k‖(τ) holds [see Eq. (9)]. We find that the func-
tional shapes of this amplitude of the step contribution and of
k‖(τ) are similar but the minima of the two scaling functions
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FIG. 6. (a) Normalized amplitude A(τ,δ )/|∆(+,+)| [see Eq. (10)]
of the step contribution to the critical Casimir force for τ = 0 as a
function of the reduced depth δ = D/L of the crenels. For δ & 5 a
plateau value A(τ = 0,δ →∞)/|∆(+,+)| '−0.367 is reached and the
step contribution to the critical Casimir force becomes independent
of the depth of the crenels. In (b) A(τ,δ )/|∆(+,+)| is shown as a
function of τ as obtained for δ = 5. According to our analysis, for
δ = 5 the limiting behavior for δ → ∞ is almost reached (see (a)).
(According to Eq. (10) A does not depend on λ as long as the value
of the latter is not 0 or 1.)
are displaced such that the minimum of A as a function of
τ is located closer to the critical point at τ = 0. For com-
parison we note that the functional shape of the amplitude of
the step contribution is very close to the numerically obtained
MFT scaling function of the attractive critical Casimir force
acting between a thin cylinder and a planar substrate, where
the symmetry axis of the cylinder is parallel to the substrate
[31]. Indeed, the lower white contour line in Fig. 3(a) indi-
cates that one may approximate each cross-section of the two
right-angled edges of the merlons by a small inscribed quarter
circle, keeping in mind that in the limit ξ±/R→∞ the critical
adsorption profile near a thin cylinder is independent of the
radius R of the cylinder [77].
V. CONCLUSIONS
Within mean field theory (MFT) we have calculated the
critical Casimir force between a planar and a crenellated sur-
face, i.e., a periodic structure of geometric steps forming
crenels and merlons (Fig. 1). To this end we have numerically
calculated the critical order parameter profiles of a fluid con-
fined by such a structure. We have focused on the experimen-
tally relevant case of binary liquid mixtures or simple liquids,
which belong to the Ising bulk universality class, and on (+)
boundary conditions (BCs) which correspond to the generic
case of strong critical adsorption. Using the stress tensor we
have calculated the universal scaling function of the singular
contribution to the critical Casimir force, acting on the con-
fining walls along the normal direction upon approaching the
critical point. We have obtained the following main results:
1. According to finite size scaling, the universal scaling
function of the critical Casimir force depends on only a
few scaling variables which describe the geometry un-
der consideration [Eqs. (3), (4), and Fig. 1]. In the lim-
its, that the width W or the depth D of the crenels are
small compared to the film width or the period of the
geometric structure, the force reduces to the one act-
ing between two parallel flat substrates at a distance
L [Eqs. (5) – (7)]. On the other hand, for fixed re-
duced crenel depth δ and for reduced crenel width ω =
W/l→ ∞, the expression for the critical Casimir force
approaches the one obtained via the proximity force ap-
proximation (PFA) [Eq. (8)] as A(τ,δ ,λ )/ω , which can
be interpreted as a step contribution [see Eq. (10) and
Fig. 2].
2. In Sec. III we have shown generic examples of order
parameter profiles (i.e., the universal contribution to
the profiles of the deviations of the local concentra-
tion or density from its critical value in the bulk) as
obtained within MFT at the critical point. Whereas
for crenel sizes comparable with the film thickness the
order parameter profile follows the geometrical struc-
ture [Figs. 3(a) and (b)], for shallow crenels and closely
spaced merlons the order parameter profile resembles
the one in between two planar walls [Fig. 3(c)]. In
this latter case strong critical adsorption effectively sup-
presses the influence of the merlons.
3. These properties of the order parameter profiles agree
with our results for the universal scaling function k
[Eq. (3)] of the critical Casimir force presented in Sec-
tion IV: For deep crenels and widely spaced merlons
the full MFT scaling function of the critical Casimir
force as a function of the scaling variable τ does nei-
ther agree with the planar wall limit (PW) nor with the
PFA [Fig. 4(a)]. On the other hand, for shallow crenels
and widely spaced merlons the PFA describes the actual
full MFT behavior better [Fig. 4(b)], whereas for shal-
low crenels and closely spaced merlons the PW limit is
approached [Fig. 4(c)]. Thus, depending on the values
of the scaling variables δ =D/L andω =W/L, the crit-
ical Casimir force interpolates between its limiting be-
haviors described by the PFA, which always underesti-
mates the strength of the force, and the PW limit, which
overestimates the critical Casimir force. This can also
be seen in Fig. 5(b) which shows the ratio of the univer-
sal scaling function of the critical Casimir force and its
corresponding PFA value as a function of δ .
4. Upon increasingω the scaling function kPFA as obtained
within PFA is approached as A(τ,δ ,λ )/ω [Fig. 5a)],
which can be interpreted as a step contribution with
A(τ,δ )≡ A(τ,δ ,0 < λ < 1) de facto independent of λ
[Eq. (10)]. Thus, for widely spaced merlons the critical
8Casimir force can be described as the linear superposi-
tion of the planar wall contributions at distances L and
L+D, respectively, plus additional step contributions
stemming from the geometrical steps. For large values
of δ this step contribution approaches a specific nega-
tive value, independent of the crenel depth D [Fig. 6(a)].
To conclude, our numerical calculations within MFT ex-
tend previous investigations of the critical Casimir force
caused by the confinement due to structured substrates. In
particular, we have analyzed in detail the crossover of the uni-
versal scaling function of the critical Casimir force from an ef-
fective planar wall limit for small roughness to the PFA limit.
This may not only be useful for the analysis of critical Casimir
forces in such experimentally relevant, designed geometries,
but could also help in understanding unavoidable roughness
corrections in the case of planar geometries. Moreover, our
results show that the first-order correction to the PFA can be
expressed in terms of a contribution stemming from the indi-
vidual geometrical steps. This is analogous to similar situa-
tions involving chemically structured surfaces [29], which are
discussed in Ref. [30]. For comparison we note that such step
contributions arising from crenellated surfaces are also of im-
portance for non-critical fluids consisting of rod-like particles
close to the isotropic to nematic phase transition of the bulk
fluid [78].
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